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STATISTICAL THEORY OF RYDRODYNAMIC A N D  BELAXATION 
PROCESSES I N  LIQUID CRYSTAIS 

V.B. NEMTSOV 
Byeloruss ian  Technological  I n s t i t u t e  ,MdFnsk,USSR 

A b s t r a c t  The g e n e r a l  methods of nonequi l ibr ium 
s t a t i s t i c a l  thermodynamics are  used t o  d e s c r i b e  
v i s c o e l a s t i c  p r o p e r t i e s  of nematic l i q u i d  c r y s t a l s  
and t h e i r  approximate design formulas  a r e  der ived .  

A m o l e c u l a r - s t a t i s t i c a l  approach i n  hydrodynamics of 
l i q u i d  c r y s t a l s  (32) is  aimed t o  ground the  s t r u c t u r e  
of t h e  known phenomenological equat ions '  , t o  f i n d  mic- 
r o s c o p i c  q u a n t i t i e s  whose c o r r e l a t i o n s  s p e c i f y  macro- 
s c o p i c  p r o p e r t i e s  of ICs and t o  p r e d i c t  macroscopic 
c h a r a c t e r i s t i c s  from t h e  f i r s t  p r i n c i p l e s .  

A l i s t  of macroscopic v a r i a b l e s  i n c o r p o r a t e s  t r a -  
d i t i o n a l  ones obeying t h e  

p =-vipi ,  p i = v - T -  J ,@ 

l o c a l  ba lance  equat ions  

Here p 
t u m  and energy; . t h e  stress t e n s o r ;  fl i t h e  volume 
d e n s i t y  of moment of couple;  j ;  

The balance equat ions  a r e  der ived  by n o n e q u i l i b r i -  
um s t a t i s t i c a l  o p e r a t o r  method2 averaging  of' microsco- 
p ic  analogs of t h e s e  equat ions .  In d e r i v i n g  the  l a t t e r ,  
t h e  e x p l i c i t  e p r e s s i o n s  are  found f o r  t h e  microscopic 

,pi and h are  t h e  d e n s i t i e s  of mass, monen- 

t J  
t h e  energy f low.  

stress t e n s o r  6- b i i  and f l o w  energy 4 3  ~i . 
The s p e c i f i c  f e a t u r e s  of  a Lc phase is  allowed f o r  

by a t e n s o r  o r i e n t a t i o n - o r d e r  parameter .  As t h i s  para- 
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138/[574] V.B. NEMTSOV 
meter ,  use is  made of  the quadrupolar term i n  the  mass 
d e n s i t y  4 

-4 ( 2) 
Here x i s  the  radius-vector a t  the  cen t r e  of mass of 

-& a molecule composed o f  n atoms; y 
of an atom w i t h  a mass maq 

the  radius-vector 
taken from the  cen t r e  of 

mass 
i n  a 
and 

o f  a molecule4 ; N  the  t o t a l  number of molecules 
system; 2 the  radius-vector of a po in t  i n  space ,  

t h e  d e l t a - f w y t i o n .  
The equation of motion f o r  R i i  i s  of the  form 

6 (% - z3  ) 
0 

i s  the  source dens i ty .  

between a d i r e c t o r  n; and an order  parameter R i j  va- 
l i d  a t  equi l ibr ium and near  it cannot be s h i f t e d  t o  a 
nonequilibrium region ,  Therefore,  use i s  Wade of dy- 3 
namic dens i ty  05 a small  r o t a t i o n  angle  @i (%)=x 0; X 

X@?) where 8i i s  the  small  r o t a t i o n  angle of  a mo- 

A simple r e l a t i o n ,  i n  the  f o r m  of Ri, 03 (&,ll,j-f18ij), 

4.1 

l e c u l e  w i t h  a number .$ . A 

reduces t o  the one f o r  d i r e c t o r  evolu t ion  a f t e r  nonequi- 
4 librium averaging is  made. Here W ; i s  the angular  ve- 

l o c i t y  of a molecule; pJ lc the  molecule momentum and 
the  molecule mass. A 

Averaging the  t enso r  %;i and Eqs.(3)  and (4) 
y i e l d s  the r e l a t i o n s  of s t a t i s t i c a l  hydrodynamics of ICs 
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S TATIS TICAL HYDRODYNAMICS U: s [575]/139 

Rij=-Fi ibt4h1 + J E i J k t  €k.\ +- B A i i t c M k  
( 5) 

Here J-I=)cT i s  the  reverse  temperature; & i j = P j W i -  

- W & i j  
mean angular ve loc i ty  of the proper r o t a t i o n  of a mole- 
cu le ;  e i k l  
t he  molecular f ie ld ' ;  9 the  pressure;  sii the  thermo- 
dynamic parameter conjugated by R i j  . A r e l a t i o n  e x i s t s  
between them: R i j = g  i i h ~ , g k t ~  . Here gijlct i s  the s t a -  
t i c  co r re l a t ion  func t ion  of R i j .  For  s impl i c i ty ,  the 
r e l a t i o n  f o r  an incompressible . isothermal medium i s  

; vi the hydrodynamic ve loc i ty ;  W i  the  

the Levi -Civ i ta  symbol; &=@i$Rjht ; h, 

wri t t en .  A general  case has been considered e a r l i e r  3 . 
The tensors  aijkl ,  , bik , Eijh\ 9 Xi j l  Y A i j \  and 

FijfCl a r e  expressed by Green-Kubo-Like formulas i n  the  
f o r m  of time i n t e g r a l s  of time co r re l a t ion  funct ions 
('ITCF) of  the  appropriate  microscopic quant i t ies3 .  A ten- 
sor s t r u c t u r e  i s  spec i f i ed ,  considering the  symmetry of  
nematics f a l l i n g  i n t o  a group D-,. 
meter R* 
expressed in terms of tensor  components Fijh\ 

For uniax ia l  ICs, the  re laxa t ion  of  the order para- 
is  character ized by three  re laxa t ion  times 

and 
t i  

%jk l  
Afte r  the i n t e r n a l  parameters R. andqi j  a r e  om&- 

ted  from Eqs .( 5) ,  consider ing the r e l a t i o n  eikl$tk+Mi= 
= o  , one obtains  the  hydrodynamics equations f o r  nema- 
t i c s  and the expression f o r  v i s c o s i t y  c o e f f i c i e n t s  in 
terms of the tensor  components en te r ing  i n t o  Eqs. (5). 

The s t a t i s t i c a l  equations r e f e r  t o  a c l a s s  of the 
ones of generalized r e l axa t ion  hydrodynamics. These a r e  

ti  
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140/( 5761 V *B 0 NEM25OV 
of the form of the  equations of the phenomenological 
theory b u t  wi th  mater ia l  c h a r a c t e r i s t i c s  as  a func t i -  
0x1 of frequency determined by the re laxa t ion  of the  
order  parameters R i j  . 
a r e  ca lcu la ted  approximately by Fokker-Planck's equat i -  
on f o r  a r o t a t i o n a l  d i s t r i b u t i o n  funct ion and equi l ib-  
rium averaging i n  the approximation of an average 
f i e l d .  I t  i s  character ized by the  e f f e c t i v e  p o t e n t i a l  
energy of a molecule 

I 

The E F s  determining the v i s c o s i t y  c o e f f i c i e n t s  

u =-3-2-ik,TbS~O~20 , 
S i s  the  order ing degree and 6) i s  the angle be t -  

ween a d i r e c t o r  and a major molecule ax is .  The i n t e r -  
ac t ion  i n t e n s i t y  i s  taken i n t o  account by the parame- 
t e r  b 

The below formulas r e l a t e  the v i s c o s i t y  c o e f f i c i -  
e n t s  t o  the number p a r t i c l e  dens i ty  f'l , t o  the ro t a -  
t i o n a l  f r i c t i o n  c o e f f i c i e n t  , t o  the quant i ty  S , 
and t o  the parameter % charac te r iz ing  the  shape of 
a molecule. A s  an example, l e t  us present  the expres- 
s i o n ~ ~  f o r  some v i s c o s i t y  coe f f i c i en t s  i n  the no ta t ions  
of the publication'  

The parameters % , r and d a r e  calculated by 
t he  formulas 

-1 2 2 d =  1 + 3 - ' x 2 + 2 3  $ s 
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STATISTICAL HYDRODYNAMICS Tf!  s [577]/ I4 1 

where 6,, and 6 ,  a r e  t h e  l eng ths  of t h e  major and m i -  
nor  axes of a r o t a t i o n  e l l i p s o i d  modelling t h e  shape of  
a molecule. 

The r o t a t i o n a l  f r i c t i o n  c o e f f i c i e n t  i s  express- 
ed i n  terms of t h e  component of t 4e  r o t a t i o n a l  d i f f u s i o n  
t e n s o r  normal t o  n , i . e .  q=kT/nL. Here the  t enso r  D;. 
ig determined by  llCF of an angular  molecule v e l o c i t y  d,j= 
= ~ d k ~ i ( o ) x W j ( t ) >  which is ca l cu la t ed  by t h e  Enskog me- 
t8od 
is expressed by t h e  formula 

-c 

6 genera l ized  t o  l i q u i d  c r y s t a l s  . And, f i n a l l y ,  is 

where I is  t h e  moment of i n e r t i a  of a molecule r e l a -  
t i v e  t o  i ts  '' minor " a x i s  and & 
mean f o r c e  of a p a i r  of molecules a t  c o n t a c t  included 
i n t o  the  b ina ry  d i s t r i b u t i o n  func t ion  g =exp(-P&) . 

Calcu la t ion  by the  above formulas s a t i s f a c t o r i l y  
ag rees  w i t h  the  experimental  da t a  04 t h e  v i s c o s i t y  co- 
e f f i c i en t s  f o r  a number of nematics .  The advantage of  
t h e  theory  is  t h a t  t he  v i s c o s i t y  c o e f f i c i e n t s  as  a func- 
t i o n  of  molecular parameters may be allowed f o r  i n  an 
e x p l i c i t  form. 

i s  the  p o t e n t i a l  of 
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