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STATISTICAL THEORY OF HYDRODYNAMIC AND RELAXATION
PROCESSES IN LIQUID CRYSTAIS

V.B. NEMTSOV
Byelorussian Technological Institute Minsk,USSR

Abstract The general methods of nonequilibrium
statistical thermodynamics are used to describe
viscoelastic properties of nematic liquid crystals
and their approximate design formulas are derived.

A molecular-statistical approach in hydrodynamics of
liquid crystals (IC) is aimed to ground the structure
of the known phenomenological equationsq, to find mic-
roscopic quantities whose correlations specify macro-
scopic properties of ICs and to predict macroscopic
characteristics from the first principles.

A list of macroscopic variables incorporates tra-
ditional ones obeying the local balance equations

§ =-ViPi, Pi= ViTiy h= =Vi Jis it Mi=0
(’1)

Here P ,P; and W  are the densities of mass, momen—
tum and energy,‘ftj the stress tensor; N\t the volume
density of moment of couple; ]11 the energy flow.

The balance equations are derived by nonequilibri-
un statistical operator meth062 averaging of microsco-
pic analogs of these equations. In deriving the latter,
the explicit expressions are found for the microscopic
stress tensor Lt] and flow energy It 3,

The specific features of a IC phase is allowed for
by a tensor orientation-order parsmeter. As this para-
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meter, use 1is made of the quadrupolar term in the mass
density &

Rij(%)= Z (Z mw)(q Lng]N 3 3 (Uh ) )) 3E-%))
(2)

Here XQ is the radius-vector at the centre of mass of
a molecule composed of n atoms; -l] the radius-vector
of an atom with a mass Myq taken from the centre of
mass of a molecule\) ;N the total number of molecules
in a system, X the radius-vector of & point in space,
and 0 (X-X") the delta-function.

.'I‘he equation of motion for R” is of the form

A

A A _1 A
Rij=2(L” - aiijc)+]"j

A «1 A N N o - ;)
where Lij ( ” TH) ' QZ éiﬁft lj} )6\@’% ,
R is the momentum conaugated b g“" , and fi'

is the source density.
A simple relation, in the form of R”VD(N ny-3 81»])
between a director nt and an order parameter R,” va-
1id at eguilibrium and near it cannot be shifted to a
nonequilibrium region. Therefore, use is ;gade of 8 ay~
namlc density of a small rotation angle @1 (x) 2 @ X
-X) where @ is the small rotation angle of a mo-—
lecule with a number Vo, A
The equation of motion for @

@)i(§)=§lwiﬁ(x-x°)—vk(23 m’lp}l ®° ¥ (%), "

reduces to the one for director evolution after nonequi-
librium averaging is made Here wi is the angular ve-
locity of a molecule; PK the molecule momentum and
™ the molecule mass. A

Averaging the tensor th and Eqs.(3) and (4)
yields the relations of statistical hydrodynamics of ICs
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T..

=0d-. .. .. - .
i =P0% * Ui * BVt — Mg My
it M M= O + Mg i Vi + b My

Rij=-FijrtVm * BEijm Epr * PAG My

-1 (%)
Here fB =RT is the reverse temperature; ﬁij=Vj'U;b-
-wnemj ;3 Uy the hydrodynamic velocity; W the
mean angular velocity of the proper rotation of a mole-
cule; € ikt the Ley}i-Civita symbol; Mi=eijtniht ;ht
the molecular field '; P the pressure; \7” the thermo-
dynamic parameter conjugated by Ri‘ « A relation exists
between them: Rij=qﬁlﬂ\)ht,\ . Here gijk‘,t is the sta-
tic correlation function of Rﬁ. For simplicity, the
relation for an incompressible JAsothermal medium is
written. A genersl case has been considered earlier3.

The tensors aijM , Bth . Eiikt . “qul . Aﬁt and
Fiikl are expressed by Green-Kubo-like formulas in the
form of time integrals of time correlation functions
(TCF) of the appropriate microscopic quantitiesE. A ten-
sor structure is specified, considering the symmetry of
nematics falling into a group Dooh'

For uniaxial ICs, the relaxation of the order para-
meter Rii is characterized by three relaxation times
expressed in terms of tensor components Fﬁkt and
9ijht .
After the internal parameters Rii and‘oi' are omgt-
ted from Eqs.(5), considering the relation e{m’rm+M;¥=
=Q , one obtains the hydrodynamics equations for nema-
tics and the expression for viscosity coefficients in
terms of the tensor components entering into Egs. (5).

The statistical equations refer to a class of the
ones of generalized relaxation hydrodynamics. These are
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of the form of the equations of the phenomenological
theory1 but with material characteristics as a functi-
on of frequency determined by the relaxation of the
order parameters I{ij .

The TCFs determining the viscosity coefficients
are calculated approximately by Fokker-Planck's equati-
on for a rotational distribution function and equilib-
rium averaging in the approximation of an average
field. It is characterized by the effective potential
energy of a molecule_1 9

U =32 "kThscos"0 ,

S is the ordering degree and @ is the angle bet-
ween a8 director and a major molecule axis. The inter-
action intensity is taken into account by the parame-
ter B .

The below formulas relate the viscosity coeffici-
ents to the number particle density N , to the rota-
tional friction coefficient & , to the quantity S |,
and to the parameter :x characterizing the shape of
a8 molecule. As an example, let us present the expres-
sion55 for some viscosity coefficients in the notations
of the publicationq

¥,=3Ens (146 )/ [q+(249)s% (16 'bg) 651,585 ],
% ,=2 3 enor-s+3 d?fl]g/(l—w b1,

-1
=9+5-4b .
9 (6)

The parameters X , I and d are calculated by
the formulas 9

x=[(%‘l—)2—1]/[(—65-%) +1], p=(z-1)/a1,

-1,9 -1 ,9 2 7
d=1+3 "X "+2:3 xX°s",
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where 6” and 61 are the lengths of the major and mi-
nor axes of a rotation ellipsoid modelling the shape of
a molecule.

The rotational friction coefficient & is express-
ed in terms of the component of the rotational diffusion
tensor normal to Fl/ s Lee. C=hT/D » Here the tensor Di'
ig determined by TCF of an angular molecule velocity n=
=Sdt<wi(0)xu§(ﬂ> which is calculated by the Enskog me-
tHod® generalized to liquid crystals. And, finally,Z
is expressed by the formula

c=16, n/o/pm expl-pe)[2/o+(2Lx-101s/5) 03],

(8)
where 1 1is the moment of inertia of a molecule rela-
tive to its " minor ™ axis and & is the potential of
mean force of a pair of molecules at contact included
into the binary distribution function q=e:xp(—ﬁe) .

Calculation by the above formulas satisfactorily

agrees with the experimental data onm the viscosity co-
efficients for a number of nematics. The advantage of
the theory is that the viscosity coefficients as a func-
tion of molecular parameters may be allowed for in an
explicit form.
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